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Abstract- The effect of intrinsic and extrinsic factors on the measured results, such as load
displacement curves and interfacial stresses, from indentation tests of composite materials is studied
using both analytical and finite element models. The intrinsic factors include properties of the fiber
matrix interface and the material symmetry of the fiber (transversely isotropic or isotropic). The
extrinsic factors include the radius of the hole through which the fiber is pushed in, and the size and
shape of the indentor. Out of the above factors, only the radius of the hole is found to have a
negligible effect on the results of the indentation test. Copyright (,1996 Elsevier Science Ltd.

INTRODUCTION

The interface is a very vital aspect of a ceramic matrix composite in determining its strength
and fracture toughness. Hence, the quantitative measurement of the mechanical properties
of the interface between the fiber and matrix in such composites is of great importance.

The tests most often used to measure interface properties in ceramic matrix composites
are indentation tests (Marshall, 1984). Lawrence and Derby (1993) conducted fiber push
through experiments using a nano-indentor to examine the interfacial shear strengths of
ceramic matrix composites. They concluded that Poisson's ratio plays an important part in
determining the shear strengths. Curtin et al. (1993) performed fiber push-in tests on a
ceramic matrix composite consisting ofcarborundum sintered SiC fibers, with a BN coating,
embedded in a reaction bonded SiC matrix. They found out that these coatings provide the
necessary debonding and sliding characteristics required for good composite behavior.
They also found that the rough surface of these fibers did not cause either substantial
mechanical interlocking or inhibited sliding in this system.

As experiments become expensive and iterative, and analytical models become untrac
table, emphasis has shifted towards simulating experiments using finite element methods.
The primary advantage of a finite element simulation is that it is time efficient and can be
simulated close to the actual experimental set up, Material properties, loads, and boundary
conditions can be easily changed to study the effects of various parameters. Hence, several
studies using finite element analysis have been made to study the interfacial properties.

Faber et al. (1986) used a finite element algorithm developed for frictional contact
problems to evaluate the frictional stresses and displacements, during fiber push-in. Their
results showed that the displacements asymptotically decayed to the "perfectly" bonded
condition as the coefficient of friction increased. and the interfacial shear stress and shear
stress gradient increased with an increasing coefficient of friction.

Shirazi-Adi (1992) developed inter-element stress compatible elements to perform the
push-in test. The formulation of the continuity of the interfacial stresses was enforced by a
penalty procedure. Axial compressive forces and axial torques were both considered. His
results indicated a complex state of interfacial stresses where the variation of interfacial
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shear stress is highly non-uniform and the radial interfacial stresses are likely to be large.
Meda et al. (1993) used an integral equation method, as well as a finite element method,

to simulate the indentation test to investigate the effect of fiber Poisson's ratio on the
interfacial stresses, displacements and slip lengths. They predicted that the load required to
produce a given slip length is larger when the shear stress depends on the normal stress
than when the shear stress is assumed to have a constant value. This is because the effect
of Poisson's ratio mismatch between the fiber and matrix is accounted for during slippage
in the former case.

Recent experimental results by Koss et al. (1993) on related thin-slice push-in tests
suggest that the interfacial failure processes are dependent on specimen configuration and
thermally induced residual stresses, as well as the interfacial bond strength and toughness,
matrix plasticity, coefficient of friction, and Poisson's ratio.

The objective of this work is to analytically and numerically study the effects of intrinsic
and extrinsic factors on the results of indentation tests. Analytical models study the effect
of the shape and size of the indentors, for frictional and perfectly bonded interfaces. The
finite element study includes the effects of the radius of the hole through which the fiber is
pushed in, shape and size of the indentor, ratio of fiber to matrix Young's moduli, and
material symmetry (isotropic and transversely isotropic properties) of the fiber on the
indentation tests.

MODELING BACKGROUND

For the indentation test, a composite is sliced normal to the fiber direction and the
specimen is placed on a platform with a hole as shown in Fig. I. A micro-indentor with a
radius which is 60-90% of the radius of the fiber pushes on the fiber. The indentation load
on the fiber and the displacement on the surface of the fiber below the matrix surface due
to interfacial slip is measured to construct a load-displacement curve. The load-dis
placement curve from the test can then be compared to those obtained through analytical
models to determine interfacial properties such as the residual interfacial stress and
coefficient of friction.

One such analytical model is given by Shetty (1988). He gave simple equations for the
indentor load, P, and the relative displacement at the interface, !luz , between the fiber and
the matrix at the top free surface. These relations are given as:

~ = a
o [exp (2/l

kLs)_IJ
nb 2 k b

!luz= (I-2vf k)ao {_I_ [exp (2/lkLs)_IJ_ L'}
b kEf 2/lk b b

Fig. 1. Composite specimen on an annular platfonn for an indentation test.

(I a)

(I b)
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(a) Smooth Indentor

(b) Pointed Indentor

(e) Flat Indentor

Fig. 2. Various indentor geometries and the approximated pressure distributions on the fiber.

respectively, where j.l is the friction coefficient, (Jo is the residual compressive stress at the
interface prior to loading, b is the fiber radius, L., is the slip length, and k is defined by

(2)

where Ef , Vf, Em, Vm are the Young's moduli and Poisson's ratios for fiber and matrix,
respectively. If the displacements are measured for several indentor loads in an indentation
test, eqns (l a,b) can be used to find the interfacial properties, such as, interfacial coefficient
of friction, j.l, and residual compressive stress, 0'0'

Since load-displacement curves are critical in determining interfacial properties from
an indentation test, an analytical and numerical study is presented here to study the effect
of both extrinsic and intrinsic factors on the curve. Furthermore, the effect on the interfacial
stresses is also studied. The extrinsic factors include:

-indentor shape (see Fig. 2),
-smooth-round indentor (Grande et al., 1988)
-pointed-Vicker's pyramid indentor (Marshall, 1984)
-flat-earbide tool indentor (Bright et al., 1991)

-indentor size (ratio of indentor radius to fiber radius), and
-push through hole radius.

The intrinsic factors studied include:

-relative elastic moduli of fiber and matrix and
-material symmetry of fiber.
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Fig. 3. Circular fiber embedded in an infinite half plane under an indentor load.

ANAL YTlCAL MODELS

Analytical model!
A circular fiber embedded in an infinite half-space, as shown in Fig. 3, is considered.

The fiber and the matrix are assumed to have the same elastic modulus and are perfectly
bonded. An axisymmetric, but arbitrary, pressure over an arbitrary area is applied on the
fiber. This model is used to study the effect of indentor shape and size on the maximum
interfacial stresses and axial displacements at the fiber-matrix interface at z = O.

Geometry. The geometry of this model is shown in Fig. 3. A semi-infinite circular fiber
of radius, b, is bonded to a half space of inner radius, b, and infinite outer radius. Young's
modulus and the Poisson's ratio of the fiber and the matrix are equal and are denoted as E
and v, respectively.

Boundary conditions. The fiber and the matrix are perfectly bonded, that is,

u/(b,z) = u;"(b,z), O<z< x (3a)

u!(b, z) = u~'(b, z), O<z< x (3b)

(J/,(b, z) = (J~,'(b, z), O<z< Cfj (3c)

a!c(b, z) = a~~(b, z), O<z< Cfj (3d)

At z = 0, only the fiber is subjected to a pressure, per), over a radius, a, that is,

(Jlc(r, O) = -per), 0 < r < a < b

aUr, 0) = 0, a < r ~ b

(J~~(r, 0) = 0, b ~ r <x

Furthermore, on the surface (2 = 0), the shear stress is zero, that is,

(J/c(r, O) = 0, 0 ~ r ~ b

(J~~(r,O) = 0, b ~ r < ex;

(4a)

(4b)

(4c)

(Sa)

(Sb)

The pressure, per), and loading radius, a, are arbitrary, where the pressure, per), is
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dependent on the indentor shape. The pressure distribution for common indentors (see Fig.
2) is assumed as

P
per) = o~ l' < a, (flat indentor) (6a)

brav a2_1'2

3P .~,--, o~ l' < a, (smooth indentor) (6b)per) = --Va" -1'",
2na'

per) = P6(0), (pointed indentor) (6c)

where the load, P, is the overall load applied to the indentor, and is given as

(7)

and 6(0) is the Dirac delta function.
Also, in many analytical studies, a uniform pressure distribution is used to approximate

the indentor load. The pressure, per), in this case is assumed of the form

p
per) = -,' 0 ~ l' < a, (uniform pressure)

na-
(8)

Method ofanalysis. This problem is the classical Terezawa's solution for a semi-infinite
medium (Sneddon, 1951). The solution for the displacements and stresses in the fiber as
well as the matrix are given as

z r 1 ~
ur(r, z) = 2G Jo tP(t)/OII (1', Z, t) dt- 2(1. + G)1tp(t)/o 10(1', z, t) dt

z r" ;.+2G f"
uc(r, z) = 2G Jo tp(t)/OOI (1', Z, t) dt+ 2G()'+G) 0 tp(t)/ooo(r, z, t) dt

(J,,(r, z) = - f" tP(t)/Olll (1', Z, t) dt + z fa tP(t)/002 (1', Z, t) dt
o 0

zf" G f"- -: tp(t)/Oll (1', Z, t) dt+ (. G) tp(t)/OIO(r, z, t) dt
I 0 l' ).+ 0

f" f"(Jcc(r,z) = -z tp(t)/002(r.z.t)dt- tp(t)/OOI(r,z,t)dt
II 0

;. f" G fa(Joo(r, z) = - -=---G tp(t)/oo 1(1', Z, t) dt - (. G) tp(t)/o I 0 (1', Z, t) dt
1.+ 0 1'1.+ 0

(9)

(10)

(11 )

(12)

+ : fa tp(t)/o II (1', Z, t) dt (13)
l' 0

(Jrc(r,z) = -zf" tp(t)/odr,z,t)dt (14)
o

where
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Fig. 4. Radial stress at interface as a function of the loading radius ratio (analytical model I).

. Ev
I =
. (1 +v)(l ~2v)

E
G=----

2(1 + v)

Iudr,z,f) = r'" (k e ~cJ,((t)Ji((r)d(
Jo

(l5a)

(15b)

(15c)

and J is the Bessel's function of the first kind.
The integral in eqn (l5c) is found in terms of elliptic integrals in Kaw and Pagano

(1993), Eason et al. (1955), and Luk and Keer (1979).

Results. In Fig. 4, the maximum normalized interfacial radial stresses, O",,(b, z)lmax/
[P/(nb 2

)], is plotted as a function of the normalized loading radius ratio, a/b. For loading
radius ratios greater than 0.6 (that is a/b > 0.6), each indentor shape gives significantly
different results. It is observed that the smooth indentor produced the smallest normalized
stress and the flat indentor produced the highest normalized stress. The stresses due to the
uniform pressure falls between the two extremes.

In Fig. 5, the maximum normalized interfacial shear stress, O"rc(b,z)lmax/[P/(nb2
)], is

plotted as a function of normalized loading radius ratio, a/b. Similar to Fig. 4, for a loading
radius ratio of a/b > 0.6, the results differ for the three types of indentors. Trends in the
shear stress are similar to the trends in radial stress given in Fig. 4.

In Fig. 6, the maximum normalized hoop stress, O"OIlb, z)lmaj[P/(nb2
)), is plotted as a

function of normalized loading radius ratio, a/b. For a loading radius ratio of a/b > 0.75,
the effect of each indentor gives different results. The differences in hoop stresses due to the
three indentors also follow the trends exhibited by the radial and shear stresses given in
Figs 4 and 5, respectively.

In Fig. 7, the normalized axial displacement, Eru:(b,0)/{[P/(nb 2 )]b}, is plotted as a
function of the normalized loading radius, a/b. For a loading radius of a/b > 0.6, once
again, the effect of the three types of indentors begins to vary.

From Figs 4-7, it is obvious that the stresses and displacements at the interface are
influenced by indentor shape for loading radius ratios of 60% and more. Consequently, for
indentors of radius greater than 60% of the fiber radius, analysis of the indentation test
and interpretation of results from experimental indentation tests, should include the
indentor shape. That is especially important for the commonly used flat indentor, which
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Fig. 5. Shear stress at interface as a function of the loading radius ratio (analytical model I).

gives significantly different results than those from the other two indentor cases. Note that
the equations are based on linear elasticity, and hence, these conclusions are valid for any
indentor load, P.

Analytical model 2
The fiber-matrix bond is not "perfect" in ceramic matrix composites. Hence, an

analytical model with friction in the interface following Coulomb's law is considered instead
of a perfect bond. This model, which modifies analytical model I by including a frictional
interface, is used to study the effect of indentor sizes and shapes on the load-displacement
curves in an indentation test.

Geometry. Once again, the geometry of the model is shown in Fig. 3. A semi-infinite
circular fiber of radius, b, is bonded to a half space of inner radius, b, and infinite outer
radius. The elastic modulus of the fiber and matrix are assumed to be identical, that is,
Young's modulus of the fiber and matrix is E, while Poisson's ratio is v.
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Fig. 6. Hoop stress at interface as a function of the loading radius ratio (analytical model I).
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Fig. 7. Axial displacement at interface as a function of the loading radius ratio (analytical model I).

Boundary conditions. The indentor load, P, is assumed to be applied monotonically
increasing. The fiber-matrix interface (at r = b) is governed by Coulomb's friction law.
Hence, at the interface, the open, slip or stick conditions are possible. The conditions in
each of these zones are defined as follows:

Open zone:

(J!.(b,.::) = (J;;(b,.::) = 0, 0:(.:: < La

(J~(b,.::) = (J;;(b,.::) = 0, 0:(.:: < La

subject to the open crack

u;n(b,.::)-u!(b,.::) > O. 0:(.:: < La.

Slip zone:

(J!,(b,.::) = (J;;(b, .::), La < .:: < L,

(J!Ab,.::) = (J;;(b, .::), La < .:: < L,

u!(b,.::) = u;'(b, z), La < z < L,

1(J!c(b,z)1 = ,u1(J!r(b,.::)I, La < z < L,

subject to the compressive radial stress

(J;;(b,.::) < O. L o < .:: < L,.

Stick zone:

(J!.(b, z) = (J;;(b, z), L, < z < x

(J!c(b, z) = (J;;(b, z), L, < z < x

u!(b, z) = u;:'(b, z), L, < z < x

(16a)

(16b)

(17)

(18a)

(18b)

(18c)

(18d)

(19)

(20a)

(20b)

(20c)
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u[(b, z) = u~'(b, z), L, < :: < X

(J!r(b,::) < 0, L, < :: <x

loDb,z)1 < /l1(J!r(b,z)l, L, < z < x.
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(20d)

(21 a)

(21 b)

In eqns (16)-(21), La and (L,-Lo) represent the open and slip lengths, respectively. The
other boundary conditions are the same as eqns (4)-(8) of analytical model I. In addition,
a radial stress of - (Jo is assumed at the interface prior to application of the indentation
load.

After solving the numerical problem, it is found that under the indentation load, there
is no open zone, that is, L o = O. Hence, the only two possibilities at the frictional interface
for the problem are a slip zone and stick zone.

Method of analysis. The method of analysis follows that of Meda et al. (1993). The
solution consists of superposing two solutions:

-a pressure per) is applied on 0 < r < a < b, z = 0 for a perfect bond at the interface,
and

-prismatic circular dislocation loops are applied at the interface, r = b such that it
gives zero traction at z = O.

These dislocations are applied axially (z-direction), such that only a discontinuous
element at a frictional interface undergoes slip. The other stresses, (Jrr and (Jr=' and radial
displacement, Ur are continuous across the interface.

Following the procedure in Meda et al. (1993), the solution to the problem is given by
a single singular integral equation as

(J~=(b, z) + C· a:'=(b, z, ::')11(Z') d::' = -/l[(Jo - (J~r(b, z)) + /l fL, (J~r(b, z, z')11(z') dz' (22)
~o ~o

where 11(::) is the dislocation density and is defined as

(23)

The relevant stress components associated with a prismatic loop of unit Burgers vector
in a half-space can be expressed as

(J~r(r,::. ::')e = [a;r(r. z, z') +a;;(r,::, ::') + a;,(r, z, ::')]e

where, the Burgers vector, e, is given by

e = lim [u=(r,::' +<;)-uc(r.::' -<;)] oF O. 0 < r < b
1:-0 +

and

I , eG (IZ-::'I r) 1::-::'1 (I::-Z'I r)
arr(r,::,::)e = 2b(l-v)/oII l,-b-'b --b- 1012 l'-b-'b

1-2v (IZ-Z'I r) Iz-::'I (Iz-Z'I r)
--rib / 110 l,-b-'b +-,-.-/111 I'-b--'b

(24)

(25)

(26)

(27)
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Fig. 8. Normalized indentor load as a function of normalized axial displacement (analytical model 2).

(28)

/ ' eG z-z' (IZ-Z'I r)
(Jrc(r,z,z)e = 2b(l-v) b 1111 I'-b-'b (29)

(30)

F , -z'eG [ (Z+Z' r) Z (Z+Z' r)
errr(r,z,z)e = b1(I-v) 21011 I'-b-'b - 1/013 I'-b-'b

2(I-v) (z+z' r) z (z+z' r)J
- rib / 111 I'-b-'b +b Ill1 I'-b-'b (31)

F , z'eG [ (z+z' r) Z (z+z' r)J
(Jrc(r,z,z)e = b1(I-v) / 111 I'-b-'b - b II13 I'-b-'b (32)

erfr(b, z) is given by substituting r = bin eqn (II) and erfc(b, z) is given by substituting r = b
in eqn (14). These two stresses are the normal and shear at the interface due to a circular
patch of pressure, p, applied to the surface of the half-space. The integral equation is solved
using collocation procedures (Meda et al., 1993).

Results. The results herein were compared with those of Meda et al. (1993) for the case
of uniform pressure with a = b. Excellent agreement between results were achieved, as
expected, because the two solutions are, in essence, identical for this case.

In Fig. 8, the normalized indentor load, [P/(nb1)]/(jlero), is plotted as a function of
normalized axial displacement, Ef l1uc(b, 0)/ {[PI(nb 2 )]b}, for various indentor shapes, where
l1uJb,O) = u7.'(b+, 0) - u{(b-, 0). A typical case with Poisson's ratio v = 0.3 and coefficient
of friction 11 = 0.1 is assumed. The curve for uniform pressure case is the same as that of
Meda et al. (1993). However, for a flat indentor with a typical radii of alb = 0.6, these
curves do not follow the same trend. The slip at the fiber-matrix interface decreases as the
indentor radius is decreased. Even for an indentor radius of 80% of the fiber radius, the
slip lengths are slightly less than in the uniform pressure case. It should be noted (figure
not shown), however, that there is no significant difference in the indentor load versus slip
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length for various indentor shapes and sizes. Hence, the approximation of the indentor
load to a uniform pressure over the whole fiber diameter is reasonable only if one is relating
the indentor load and slip length. But, it is not justified if one is relating indentor load, P,
to the fiber and matrix displacement difference at the top surface (z = 0), !J.uz(b, 0).

Also shown in Fig. 8 is the load-displacement curve obtained by the shear-lag analysis
model (Shetty, 1988). Since load-displacement curves are regressed to analytical models for
obtaining the interface parameters, coefficient of friction and residual stresses, accurate
analytical models become vital in experimental characterization of composites.

FINITE ELEMENT MODEL

Analytical models for a finite geometry and dissimilar fiber and matrix properties of
an indentation test are cumbersome and possibly untractable. Hence, a finite element model
(FEM) is used to incorporate these features in an indentation test. The FEM presented in
this study is used to study the effects of the following on the indentation test:

-radius of the hole through which fiber is pushed in during the indentation test,
-relative elastic moduli of the fiber and the matrix,
-sizes and shapes of the indentors, and
-material symmetry of the fiber.

For each case, an axisymmetric model of the composite was generated using the finite
element software, NIKE-2D (1991).

Geometry and mesh
The mesh of the finite element model was generated using the non-commercial finite

element code NIKE-2D (1991) with MAZE and ORION, as the pre-processor and post
processor, respectively. The mesh is generated in the rz-plane and consists of 3400 axi
symmetric rectangular elements. The fiber, which occupies the domain 0 ~ z ~ 50b and
o~ r ~ b, where b is the radius of the fiber, consists of 500 elements. The matrix, which
occupies a domain 0 ~ z ~ 50b and b ~ r ~ 50b, is made up of two parts. The first part
consisting of 500 elements has b ~ r ~ 2b as the domain and the second part consisting of
2400 elements has 2b ~ r ~ 50b, as the domain.

Boundary conditions
The interface between the fiber and the matrix follows the Coulomb friction law as

follows:

Open zone:

subject to the open crack

Slip zone:

a/reb, z) = a~;(b, z) = 0, 0 ~ z < Lo

u';'(b,z)-u/(b,z) > 0, 0 ~ z < Lo.

a/reb, z) = a~;(b, z), Lo < z < L,

a/z(b, z) = a':'::(b, z), Lo < z < L,

u!(b, z) = u';'(b, z), Lo < z < L,

(33a)

(33b)

(34)

(35a)

(35b)

(35c)
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(3Sd)

subject to the compressive radial stress

(J~;(b, z) < 0, L o < z < L,.

Stick zone:

(J~(b, z) = (J~;(b, z), L, < z < SOb

(J/:(b, z) = (J~:(b, z), L, < z < SOb

u/(b,z) = u;'(b,z), L, < z < SOb

u! (b, z) = u~'(b, z), L, < z < SOb

subject to

(J/r(b, z) < 0, L, < z < SOb

1(J/:(b, z)1 < 111(J!,(b, z)l, L, < z < SOb

At z = 0, only the fiber is subjected to a pressure, per), over a radius, a, that is,

(J!Ar,O) = - per), 0 < r < a

(J/:(r, O) = 0, a < r < b

(J:':(r, O) = 0, b < r < SOb

Furthermore, on the surface (z = 0), the shear stress is zero, that is,

(J/:(r,O) = 0, 0::;:; r ::;:; b

(J~;(r, 0) = 0, b::;:; r ::;:; SOb

(36)

(37a)

(37b)

(37c)

(37d)

(38a)

(38b)

(39a)

(39b)

(39c)

(40a)

(40b)

Since the model is axisymmetric, the mesh is generated only for one half of the composite.
Hence, the fiber is fixed in the r direction at r = 0 and 0 ::;:; z ::;:; SOb, as shown in Fig. 9.

Matrix' 2nd Part

: Fiber

VMa"iX -'s, Part

,
I
I
I

I

I

~Merged Interface

I Frictional Interface
I

rr I
~---'---. SOb .1

Fig. 9. Finite element mesh. boundary conditions. and external pressure acting on the matrix for
the finite element analysis (FEM models).
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u!(O,z) = 0, 0 < z < 50b

(T!c(O, z) = 0, 0 < z < 50b

3509

(4Ia)

(41 b)

Furthermore, the matrix is fixed in the z direction at z = 50b, r, ::( r ::( 50b, as shown in
Fig. 9, where rr is the radius of the push through hole. The fiber is not restrained at the
bottom at z = 50b and the matrix is also not restrained at z = 50b, 0 ::( r ::( rr to simulate
the hole for the indentation test. These conditions translate as:

(Tic(r, 50b) = 0, O<r<b (42a)

(T!z(r,50b) = 0, O<r<b (42b)

(T~~(r, 50b) = 0, b < r < r, (42c)

u~'(r, 50b) = 0, rr < r < 50b (42d)

(T~;(r, 50b) = 0, b < r < 50b (42e)

To simulate the interfacial radial stress due to thermal expansion mismatch during
processing, a temperature difference between processing and operating temperatures could
be applied. This temperature difference develops interfacial stresses due to thermal expan
sion mismatch between the fiber and matrix. However, since the fiber is not constrained in
the axial direction, a difference in the lengths of the matrix and the fiber would develop,
resulting in a difference in axial displacements between the fiber and the matrix at the
surface prior to subjecting the composite to an indentation load.

Because of the above simulation problem, it was decided to simulate the residual
thermal stresses at the interface by applying an external radial pressure rather than from a
temperature mismatch. The resulting conditions translate as:

(T~;(50b, z) = -(To, 0 < Z < 50b

(T~:(50b, z) = 0, 0 < z < 50b

(43a)

(43b)

where a typical value, based on thermal expansion mismatch, elastic moduli and tem
perature differences in the SI, (To = 0.207 x 107 is used for all models. The radial pressure
applied to the matrix, to simulate the interfacial residual stresses, is shown in Fig. 9.
Although this is an approximate way of including residual stresses, the main purpose of
this paper is to isolate the effects of the extrinsic factors.

Comparison olFEM results with analytical predictions
Since further calculations in this study are based on the mesh generated using finite

elements, it was deemed necessary to establish the accuracy of the finite element method
and the generated mesh. To accomplish this, the displacements at the fiber-matrix interface
on the surface, r = band z = 0, for the case of identical elastic moduli with a frictional
interface and uniform pressure acting on the fiber were compared with those of Meda et al.
(1993). The results verified within a 5% difference. The results were also compared with
the analytical results for both a uniform pressure (alb = 0.4) and a flat indentor (alb = 0.4)
acting on the fiber with a perfect interface. Again, the results matched satisfactorily, within
a 5% difference. The above comparisons suggest that the mesh generated is refined enough
and that the finite element code is dependably accurate.

FEM model I
A circular fiber of radius b (I unit for the present case) embedded in a circular matrix

(r = 50b units for this case) is placed on a circular hole. The fiber and the matrix are
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assumed to have the same elastic modulus of 1.0 x 109
, and Poisson's ratio of 0.3. The

interface follows the Coulomb friction law with a coefficient of friction of 0.1. An arbitrary
point load is applied at the center of the fiber. Keeping this load constant, the radius of the
hole is varied by fixing the nodes in the z-direction from the desired radius, r = rr to the
end of the matrix, r = SOb at z = SOb [refer to egns (42d,e)]. In particular, the radius of the
push through hole is varied, from close to the interface (rr = 1.2b) to close to the end
(rr = 40b) of the matrix, to study the effect of the radius ofthe hole, r" during the indentation
tests.

Results. It is found that the load-displacement curve varied insignificantly with a
change in the radius of the push through hole. Since the variation is insignificant, the figure
has been omitted.

FEM model 2
This model is similar to FEM model 1 discussed above. However. the radius of the

hole at the bottom support is fixed at rr = lOb for all cases in this model and the loading
on the fiber is varied.

The fiber is subjected to a pressure, per), over a radius, a, that is,

oL(r,O) = -per), 0 < r < a < b (44)

where, the pressure, per), is arbitrary. Since the loads can be applied only at the nodes, the
ratio of the loading radius to the radius of the fiber, alb, has been restricted to an increment
of the element size (0.2b in this model). The ratio alb is varied from 0.2 to 1.0 for the case
of a uniform pressure and from 0.2 to 0.8 for the case of a flat indentor.

The fiber is subjected to a point load, a uniform pressure and the resulting pressure
distribution from the flat indentor. The uniform pressure distribution is made to approxi
mate an indentor load where the pressure, per), is assumed to be of the form given by egn
(8), whereas, the pressure distribution in the case of the flat indentor is given by egn (6a).
The overall load, P, applied to the indentor is given by egn (7).

Results. This model was simulated to study the effect of the shape and size of the
indentor during the indentation test. Three different indentors, namely, point load, uniform
pressure and flat indentor, were used in this model.

In Fig. 10, the normalized indentor load, [P/(nb2)]/(lllTo), is plotted against the nor
malized relative axial displacement between fiber-matrix at the interface, Ef !1uz(b,O)/
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Fig. 10. Indentor load as a function of axial relative displacement between fiber-matrix at interface
for flat indentor (FEM model I).



Indentation test factors

6 5 r-r"'l""'l.....I""I"''I'''''I''"I'''''II'"I''''I''''I'''''I'''''I~I''''I''''I''''I'....,I'"I''''I''''I'''''I'''''I~1''''I

3511

-0as
0 45.....
~
CII
'tI 35..5
'tI

.~
iii
E 25
:5z

Normalized Axial Relative Displacement
Between Fiber-Matrix at Interface, Ef'lUz(b,O)

(PI[ 11 b 2])b

8

Fig. I I. Indentor load as a function of axial relative between fiber-matrix at interface for uniform
pressure (FEM model 2).

{[P/(nN)]b} , for the point load and flat indentor cases. The curves clearly illustrate
the effect of indentation pressure on displacements. For the same indentor load, the
normalized relative axial displacement between fiber-matrix at the interface increased
with an increase in the loading radius ratio, alb as shown in Fig. 10.

Figure 11 shows the normalized indentor load, [P!(nb 2)]!(jl(Jo), as a function of the
normalized relative axial displacement between fiber-matrix at the interface,
Ef"lu,(b, O)/{[P!(nb2 )]b}, for the point load and uniform pressure cases. In this case it is
observed that for the same indentor load, the normalized relative axial displacement between
fiber-matrix at the interface increases with an increase in the loading radius ratio, a/b.

To facilitate an easy and direct comparison between the uniform pressure and the flat
indentor, both cases are shown in Fig. 12, for two loading radii. Figure 12 clearly shows
that the normalized relative axial displacement between fiber-matrix at the interface in the
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Fig. 12. Indentor load as a function of axial relative between fiber-matrix at interface for fiat
indentor and uniform pressure (FEM models I and 2).
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Fig. 13. Indentor load as a function of axial relative displacement between fiber-matrix at interface
for different Young's moduli ratios (FEM model 3).

flat indentor case is always more than that caused by the uniform pressure for the same
indentor load.

FEM model 3
This model is also similar to the two previous models discussed. The radius of the push

through hole is fixed at rr = lOb and a flat indentor with pressure, p(r), and ratio alb = 0.8
is used, Young's modulus of the fiber is varied to study the effect of the Young's modulus
on the indentation test.

Three different cases have been studied in this model. The ratio of Young's modulus
of the fiber to Young's modulus of the matrix is different for all three cases. The first case
is for a similar Young's modulus, EI / Em = I. In the second case, the ratio of the Young's
modulus of the fiber to the matrix is 3, (i.e. EllEm = 3) and the third case represents a
modulus ratio of 6, (i.e. EI/Em = 6).

Results. To study the effect of Young's modulus on the indentation test, the simulation
has been performed with a flat indentor of radii 0.4, 0.6 and 0.8. Figure 13 illustrates the
effect of the ratio of Young's moduli (EI / Em) on the indentation test. The relative dis
placement between the fiber and matrix was found to increase with an increase in the ratio
of Young's moduli.

FEM model 4
This model is simulated to examine the effects of transverse isotropy of the fiber on

the load-displacement curve. Model 4 is similar to the three previous models, wherein the
radius of the push through hole is fixed at r, = 1Db and the fiber is pushed with a flat
indentor with pressure, p(r), for a ratio of a/b = 0.8. The properties of the fiber are varied
from an isotropic state to a transversely isotropic state. Five cases are studied in this model.
The first case deals with the fiber being isotropic. The properties of the fiber have been
changed to transversely isotropic case in four equal steps as shown in Table 1. Once again,
the normalized relative axial displacement between fiber-matrix at the interface is studied
and plotted vs the load to study the effect of the isotropic and transversely isotropic fiber.

Results. Figure 14 clearly illustrates that there is significantly more relative axial
displacement between fiber-matrix at the interface for an isotropic fiber compared to a
transversely isotropic fiber. Furthermore, the relative displacement rapidly decreases as the
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Table 1. Material properties of fiber for transition from isotropic to transversely isotropic

Run Description E; = E7 (GPa) Ej (GPa) V;1i v7 = v;!= E", (GPa) 1'1/1

------

I Isotropic fiber 234.97 234.97 0.2000 0.2 26.25 0.2
2 Transition step I 179.72 234.97 0.2125 0.2 26.25 0.2
3 Transition step 2 124.48 234.97 0.2250 0.2 26.25 0.2
4 Transition step 3 69.24 234.97 0.2375 0.2 26.25 0.2
5 Transversely Isotropic fiber 13.99 234.97 0.2500 0.2 26.25 0.2

property of the fiber approaches the transversely isotropic properties. It is seen that the
difference in the relative axial displacement between fiber-matrix at the interface from the
isotropic case to the first and the second transition steps is small. The relative displacement
from the second transition step to the third is larger, while the relative displacement from
the third transition step to the transversely isotropic case, is very large.

CONCLUSIONS

The effect of the extrinsic and intrinsic factors on the interface has been studied using
the indentation test. The various extrinsic factors studied included the radius of the hole of
the support, and shape and size of the indentors. The intrinsic factors studied were various
ratios of fiber to matrix Young's modulus and the transition from an isotropic fiber to a
transversely isotropic fiber. The conclusions drawn from the studies are:

I. the indentation test is not affected by the radius of the hole through which the fiber
is pushed. Thus, the indentation test can be performed with any convenient radius
of this hole;

2. the displacements, slip lengths and stresses for the flat indentor case are more
than that in the uniform pressure case. Moreover, the normalized relative axial
displacement between fiber-matrix at the interface increases as the size/radius of the
indentor increases. Hence, the shape of the indentors, especially, with loading radius
ratios of 60% or more of the fiber radius, should be dealt with differently in the
analysis of indentation tests;

6 5 ,...,!""""I'_.....,.....,I""""I'_....._...,I""""I'""'T....._~...,
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Fig. 14. Indentor load as a function of axial relative displacement between fiber-matrix at interface
for a transversely isotropic fiber (FEM model 4).
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3. the relative displacement between the fiber and matrix increases as the ratio of
Young's modulus between the fiber and matrix increases. It is also found that the
relative displacement between the fiber and matrix increases with an increase in the
radius of the indentor;

4. the normalized relative axial displacement between fiber-matrix at the interface in
the transversely isotropic case are far less than those in the isotropic case. As the
material symmetry of the fiber approaches isotropic, the displacements get larger
and uniform. Therefore, the approximation of transversely isotropic fibers as iso
tropic is not suitable.
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APPENDIX A: PLANAR INDENTATION MODEL (ANALYTICAL MODEL 3)

Many researchers model the indentation test using planar models. In this appendix, a comparison is made
between planar and axisymmetric models. An equivalent planar geometry of Model I is taken. A semi-infinite
fiber strip is bonded perfectly to two quarter planes of identical elastic moduli as shown in Fig. AI. An arbitrary
pressure, symmetric about the z-axis is applied over an arbitrary area on the fiber. The maximum interfacial
stresses are compared with the equivalent axisymmetric problem to determine the difference between results
between the planar and axisymmetric models.

Geometrv
Th~ geometry of the model is shown in Fig. A I. A semi-infinite strip of width, 2B, is bonded to two quarter

planes at x = ±B. In order to differentiate between the axisymmetric and planar models, capital notations have
been used in the planar model and the radial coordinate, r, has been replaced with x. Young's modulus and
Poisson's ratio of the fiber and matrix are equal and are denoted as E and v, respectively.
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Fig. AI. Planar model of the indentation test (analytical model 3).

Boundan' conditions
Th~ fiber and matrix are perfectly bonded, that is,

u;(B, z) = u';'(B, z), 0< z < 00

u!(B,z) = u7'(B,z), 0< z < CD

The fiber is subjected to a pressure, p(x), over a length A, that is,

u!Jo, z) = - p(x), 0:( Ixl < A

(A.1a)

(A.lb)

(A.2a)

(A.2b)

(A.3)

The pressure, p(x), the load, P, and the loading length, A, are arbitrary. The pressure distribution, p(x), for
common indentors is taken as

P
p(x) = __ °< Ixl < A

rrJA 2 -x2
(flat indentor) (AA)

2P .-,-,
p(x) = -..J A- - x', °< Ixl < A (smooth indentor)

rrA'

The uniform pressure assumption is of the form

P
p(x) = 2A' °< Ixl < A (uniform pressure)

where P = load/unit width. On the surface z = 0, the shear stress is

u';~(x, 0) = 0, B < Ixl < CD

(A.5)

(A.6)

(A.7a)

(A.7b)

Method ofanalysis
This problem is solved by using a Fourier Transform solution for a half·plane. The displacements are given

by

u,(x. z) = ~r(z+ K~ I )f(ry)e 'Ie cos (ryx) dry

uc<." z) = ~f (z+ I~K)f(ry)e "sin (ryx) dry

where K = 3 - 4v for a plane strain assumption and the stresses are given by

(A.8)

(A.9)
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Fig. A2. Ratio of the stresses of planar and axisymmetric models for the flat indentor as a function
of the loading radius ratio (analytical model 3).

4(; "
(J" (x,:) = ~ ---I (I + IFl!(I)e -I' cos (I)x) dl)

IT .. (l

(A. 10)

4G1'(J,,(x.:) = - - 1):!(tJ)e -I' sin (I)x) dl)
n "

(A.II)

(A.12)

where

(uniform press ure)/(1) =
P sin (I)a)

- ----._- ---

4AG I)

P
- 4G 1" (I!a) (flat indentor)

(A.13a)

(A.13b)

P
- 4" 1, (I)a) (smooth indentor)

vi/a
(A.13c)

Furthermore. for a plane strain assumption,

(A.14)

The stresses for the uniform pressure case can be found in closed form in Timoshenko and Goodier (1985).

Results
In Fig. A2. the ratio of interfacial stresses for the axisymmetric and planar models is given for the flat indentor

case only, since it is used most often in indentation tests. The same loads are applied over an equal radius
(axisymmetric) and loading width (planar case). that is.

p = j'" f"p(r)rdrdll (axisymmetric)
o Jo

(A.15a)

P = r< pIx) dx (planar) (A.15b)

It can be seen from Fig. A2 that for a normalized loading radius ratio greater than 0.25, the maximum
interfacial stresses for the planar case are greater than the axisymmetric case. Generally. the stress ratios increase
with an increase in normalized loading radius. especially for a radial stress ratio which increases rapidly when the
normalized loading radius ratio approaches I.


